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Abstract 

The tangential branch locus B X , Y C B X /y is the subset of points in 
the branch locus where the sheaf of relative vector fields T x / y fails to be 
locally free. It was conjectured by Zariski and Lipman that if V/k is a 
variety over a field k of characteristic and B V i h = 0, then V/k is smooth 
(=regular). We prove this conjecture when V/k is a locally complete 
intersection. We prove also that Byi h — implies codimx By/k < 1 in 
positive characteristic, if V/k is the fibre of a flat morphism satisfying 
generic smoothness. 



1 Introduction 

t^-j- Let 7T : X — > Y be a morphism of ncetherian schemes which is locally of finite 

(SJ type, Qx/y its sheaf of Kahler differentials, and T x /y — Homo x (^x/Y ,Ox) 

the sheaf of relative tangent vector fields. We have the inclusion of the tangential 

branch locus in the branch locus 

o 

B n = {x G X | T x /y.x is not free} C B n = B x /y = {x & X \ Q,x/y,x is not free}. 

i— I 

Define as in [5j Definitions 17.1.1 and 17.3.1] a morphism 7r to be formally 
• smooth at a point x in X if the induced map of local rings Oy^( x ) Ox,x is 

/\ formally smooth, and that ir is smooth at x if it is locally finitely presented and 

^ formally smooth; say also that ir is smooth if it is smooth at all points in X. 

In the light of the Jacobian criterion, namely that = 0, goes a long way to 



implying that the morphism tt is smooth (Thms. 3.1 and 3.3), it is a natural to 
ask, with Zariski and Lipman [12], what are the implications of B^ = 0? The 
example X — Spec A[x]/(x 2 ) — > Y = Spec A, i.e. the scheme of dual numbers 
over a commutative ring A, shows that if we want tt to be smooth, the condition 
.B* = needs at least to be supplemented with the condition that the rank of 
Tx/y equals the relative dimension at each point in X, which can be imposed by 
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assuming that X/Y is smooth at generic points in X. It is a remarkable fact that 
although Tx/y cannot even directly detect torsion in flx/y, it turns out that 
these conditions combined imply B„ = (and hence imply that tt is smooth) in 
interesting cases in characteristic 0. Already the result that By, k = implies 
smoothness when V/k is a curve over a field of characteristic 0, due to Lipman 



[loc. cit], is, I think, quite surprising and non-trivial (see Proposition 4.4). 
In positive characteristic it is easy to see that smoothness at points of height 
< 1 does not follow from B\, = 0, so one could perhaps add the assumption 
codimx B n > 2; but this is still not enough. What is needed is a condition on 
the discriminant locus D n = ^{B^). Before the main results are presented we 
describe some terminology. 

Generalities: All schemes are assumed to be ncetherian and we use the no- 
tation in EGA, but see also 13, §5] and |8j. The height lnt x {x) of a point x 



in X is the same as the Krull dimension of the local ring Ox,x at x, and the 
dimension of X is defined as dim A = sup{ ht(x) \ x € X}. The dimension at 
a point a; in A is 

dim^ X — sup{ ht(xi) | x± £ X and x specialises to xi}; 

see [4j Proposition 5.1.4]. A point i in a subset T of X is maximal if for each 
point y in T that belongs to the closure {x}~ of {x} (in other words, x specialises 
to y (see [8j p. 93])), we have ht(x) < ht(y). That is, if x' £ T specialises to x, 
and ht(x') < ht(x), then x' — x. Denote by Max(T) the set of maximal points 
of T, so Max(A) consists of points of height 0. A property on X is generic if it 
holds for all points in Max(X). Put 

codim^T = sup{ ht(.x) | x £ Max(T)}, 
coding T = inf{ ht(a;) | x E Max(T)}, 

so codim^ T < ht(x) < codimj^ T when x € Max(T). If T is the empty set, put 
coding T = — 1 and codim^ T — 00, since we are interested in lower and higher 
bounds on codim^ T, respectively. For a coherent Ox-module M, the stalk at 
a point x is denoted M x and we put depth T M = inf {depth M x \ x e T}. The 
fibre X y over a point y in Y is the fibre product Specfcy^, Xy Y, where ky, y is 
the residue field at y. We define the relative dimension dx/y,x of 7T at a point 
ielas the infimum of the dimension of the vector space of Kahler differentials 
at all maximal points £ that specialise to x, i.e. 

d X /Y,x = inf{dim fcx 5 k x ,i ®o Ji£ I x G ,t € Max(X)}. 

To understand this number it is useful recall that 

dim fex>e kx,i ®o x ,i ^x/Y,i = dim fex„ (0 ,« ^x^ /k YMt) 

= dim *;x, 5 k x,a ®o X|£ ^o x , £ /o y:rK) ; 



see Proposition 2.1 for the first equality, but note that in general the numbers 



dx/Y,x and dim^ X w ( x \ are not equal. On the other hand, if n is flat at x, then 
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dim x Xn(x) = dim Ox,x — dimCy^), and if morover 7r is smooth at all points 
£ € Max(JT) that specialise to x, then dx/Y,x = dim x 1^^. 

Recall also (this is an easy extension of [8j Chapter II, Lemma 8.9 ]): 

(*) a coherent Ox-module M is free at a point x if is free of rank equal to 
dim/j x x kx,x ®O x x M x for each £ £ Max(X) that specialises to x. 

Theorem 1.1. Let X — > S and Y — > S be morphisms of nwtherian schemes 
which are of locally of finite type, and n : X/S — > Y/S be a fiat S-morphism. 
Assume that the branch loci B x /s = By/s — ( e -9- X/S and Y/S are smooth), 
X is Cohen- Macaulay, and codiniy D K > 1. If B 1 ^ — 0, then for each point 
yeY 

coding B Xy/kY y < 1. 

Remark 1.2. The condition of generic smoothness, i.e. codimy Dx/y > lj is 
satisfied when Ox,x is regular and the extension of residue fields kx,x/kY,ir(x) is 
separable for all points x such that ir(x) € Max(T). 

Corollary 1.3. Let V/k be a variety defined by a regular sequence {/i, . . . , f r } 
in some polynomial ring k[X\, ■ ■ ■ , X n ] and assume that T v / k is locally free. 

(1) If Char k = then V/ k is smooth. 

(2) If Char k > 0, assume moreover that the ring k(fi,...,f r ) ®fc[/i,...,/ r ] 
k[Xi,...,X n ] is smooth over the field fc(/i, f r ) ■ Then 

codimy By/k < 1. 
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proved Corollary 1.3 when V/k is a 



proved it when V is a homogeneous 



In characteristic 0, Scheja and Storch 
hypersurface (we include a proof); Moen 

complete intersection; Hochster [To] proved it when V is the spectrum of a 
graded ring, and he even attempted to find a counter-example when V/k is 
a locally complete intersection surface. Platte [16] found an elementary proof 
in the graded case, applicable also to analytic algebras. Using the existence of 
weakly submersive resolutions of singularities (work of Hironaka) combined with 

argue 
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a detailed study of mixed Hodge structures, Straten and Steenbrink 
that codim x Bx/c < 2 when Ty/c is locally free and X is an analytic space with 
at most isolated singularities; this was extended to non-isolated singularities by 
Flenner |]. 

I want to thank the careful referee for helping me make this paper more 
accessible. 



2 Base change for relative tangent vector fields 

Let 7r : X — > Y be a morphism of ncetherian schemes which is locally of finite 
type and generically smooth, so Qx/y.x is free of rank dx/Y,x when i is a 

(i) 

maximal point. The branch scheme B x , y , i = 0, . . . , is defined by the Fitting 
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ideal F dx/Y+i (n x/Y ), and B n = B x/Y = V(F dx/Y (Q x / Y ))- Similarly, the 
tangential branch scheme is defined by B X ^ Y = V(Fd x/Y (T x /Y)) ( see [6j Sec. 
1.4, p. 21], [7, Ch. 20] and [ll]). We will study base change diagrams 



(BC) 




where Xi = X Xy Y\. I was unable to find a good reference for the following 
well-known important fact (see however [5j Proposition 16.4.5]). 

Proposition 2.1. Consider the diagram (BC). 

(1) The canonical morphism 

fi^x/v) -> ^X 1 /Y 1 

is an isomorphism. 



(2) B (l) 



Xi/Yi 



^x/y x x X\. 



(3) Consider the canonical morphism 

i> ■ 3*{T X / Y ) -> T Xl/Yl - 
Ifip is an isomorphism, then 



B 



= Bx/y x x X\. 



Proof. For the proof we can assume that all schemes are affine, so let A — > B 
and A — > A\ be homomorphisms of commutative rings, and put B\ = A\ ®a B. 

(1) : Let ds/A '■ B — > SIb/a be a universal derivation and define the A±- 
linear derivation d = id (Elds /a '■ B-y A\ <S)a Mb /a, which can be factorised 
over a universal derivation d Bl / Al ■ B\ — > &b 1 /a 1 by a Si-homomorphism 
d : n^Mj — > A\ ®a There exists a natural _Bi-homomorphism p : 
A\ ®a ^b/a — > ^b 1 /a 1 , which is the inverse of d. 

(2) : By (1), Qb 1 /a 1 = B\ ®b ^b/a- Let F(£I b /a) denote the Fitting ideal 
defining B ( § jA and recall that B X F(M) = F(B 1 ® B M) for a S-module M of 
finite type. Then 

B^ /Y x x X x = V(F(n B /A)) xspocs SpecBi = Spec(B/F{Q B/A ) ® B B x ) 

= Spec B lF {n B/A ) = Spec f(b 1 ® B n B/A ) = Spec F(n Bl/Al ) = B *w 

(3) is proven in the same way as (2). □ 
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If Y\ — > Y is flat or B x /y = $j then the canonical homomorphism ip is an 
isomorphism [5] Proposition 16.5.11], but in general it need be neither injective 
nor surjective, contrary to the good behaviour of flx/y- 

Proposition 2.2. Assume that codim^ B x /y > 2 and codim^ B Xi /y 1 > 2, 
and that X and X\ satisfy (S2) at all points in j(X\). Then the canonical 
morphism ip is an isomorphism. 

Of course, if it is flat, Xi satisfies (S2) and Y satisfies (S2) along Y±, then 
X satisfies (S2) along j(X{). 

Lemma 2.3. (1) Let B be a ring, I an ideal, and N and M B-modules (not 
necessarily of finite type). If there exists an N -regular sequence in I of 
length 2, then depthj Hom R (M,N) > 2. 

In particular, if depthj R > 2, then depthj Trm. > 2 for any subring 
fee R. 

(2) Let (A,vcia) — ► tils) be a flat homomorphism of local rings, where 
A is regular. Let N be a B -module of finite type which is flat over A. If 
depth mB TV/m^A > 1 and depthj N > 2, then depth mfl m^-ffom^M, A) > 
2. 

Proof. (1): Let {xi,X2} be an iV-regular sequence in I. Clearly, x\ is 
HorriB (M, A)-regular. Assume £202 (to) = xi<f>t{m), <j>i £ Hoitib(M,N), m £ 
M. Since {xi,x 2 } is TV-regular, 02 (m) = x-yv! ', n' £ N. Since x\ is a regular 
element this gives a well-defined homomorphism 0' £ Hoijib{M,N), 0'(m) = 
n', and 02 = x\<f>' , hence {xi,^} is Horns (M, A)-regular. Therefore 

Ext R (k P , Hom R (M, N)) = 

when i < 1 and kp is the residue field at a prime of height > 2. 

(2): Let x\ be A/m^A-regular and {x\, X2] be an A-regular sequence. Since 
A is regular = (yi, . . . , y r ) where {j/i, . . . , y r } is an A-regular sequence, and 
since N is flat it is also an TV-regular sequence. Then {yi, . . . , y r , x\} is an 
A-regular sequence. Assume X2<p2 — ^102, where 0i,02 £ xaAHomB(M,N). 
As {xi,X2} is TV-regular, 02(ro) £ x\N , and since x\ is TV-regular 02 = £i0 2 , 
where 2 £ Hom B (M,N). Therefore 2 £ XiHom B (M, N) (lm A H om B (M, N). 
Assume that J^Vifi = x if> />/* e Hom B (M,N). Since {y x , . . . , y r , x x } is 
A-regular we have x\N n m^A = xiKIaN, hence fi(m) £ x±N, and since 
x\ is A-regular, fa = x\f[ where f[ £ HorriB{M,N). This implies 2 £ 
XiHorriB(M, N) n mAHom B {M,N) = ximAHom B {M, TV), and thus {#1,0:2} 
is mAHomsiM, A)-regular. □ 



Proof of Proposition 2.2 Let i : A = A \ B x /y — > A be the inclusion 
morphism, jo : A° — > X° the base-change of j over i, and let i\ : X\ — > X\ be 
the canonical morphism, so that i o j = j o i lm We have: 

(i) ^Xo/Yo is locally free so j'o(T x o /y ) = t x° 1 /y 1 - 
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(ii) j is quasi-compact and separated, so cohomology commutes with base- 
change over the flat morphism i, in particular j* o = (ii)* o j'q as a 
functor on quasi-coherent sheaves on X°. 

(iii) codim^ Bx/y > 2 and X satisfies (£2), so Ty/y = Homa x (ilx/Y 



satisfies (52) (Lem. 2.3), implying T x /y — ****CTxyy); similarly, since X! 
satisfies (52) andcodim^ Bx 1 /y 1 > 2 we have T^i / Yi = (*i)**i(^Xi/Yi) = 
(«i)*(Txo/Yi)- 

(i-iii) imply 

j* (Tx/y) = 3*i*i*(Tx/ Y ) = (ii)*3oi*(T x / Y ) = (h)*jo(T x °/ Y ) = (h)*( T x°/ Yl ) 

= T X 1 /Y 1 - 

a 

Define the following subsets of X\: 

A = suppKer(^), B = supp Coker(^). 
Proposition 2.4. Lei 7r : X — > Y be a finitely presented morphism of schemes. 

(1) If it is flat, Y is regular, and X\ contains no embedded associated compo- 
nents, then codim x .4 < 1 . 

(2) Iflm(ip) satisfies (S2) and Xi contains no embedded associated component 
of codimension > 2 (e.g. X\ is normal), then codimj^ B < 1. 

(3) Assume that tp is injective, Xi satisfies (S2), and codim^ B Xi /y 1 > 2. If 
T x /y * 5 locally free, then T Xl j Yl * s locally free. 

Proof. (1): Let $ : j~ 1 (T x / Y ) — > T Xi /y 1 be the natural morphism. We 
have vn.Y^(x)j~ 1 (Tx/Y,x) C Ker(-0) a; for each point x. Assume on the con- 
trary that x £ Max(_4) C X\ is a point of height > 2, so vn. Y}V ( x ')Tx/Y, 



K.er(ip) x i when ht(x') < 1 and x is a specialisation of x' . By Lemma 2.3 
depth m Y , 7 r(x)3~ 1 (Tx/Y,x) > 2, hence m Y , 7 r(x)j~ 1 {Tx/Y,x) = Ker(^) x , implying 
tpx is injective, and contradicting the assumption x £ A. 

(2) : Assume on the contrary that there exists a point x £ Max(£>) C X\ of 
height > 2. Since lm(-0) x has depth > 2 the exact sequence — > lm(tp) x 
Tx 1 /y 1 ,x Coker (ip) x — > is split, so we get an injective homomorphism 
Coker(tp)x —> T Xl / Yxt xi an d since x £ Max(B), it follows that Coker (V^z 
can be identified with a submodule of codimension > 2 in T Xl / YlX . By as- 
sumption Xl .x contains no associated prime of height > 2, hence T Xl / YlX — 
Homo Xl x{^Xx/Yx,xi^Xi,x) a lso has no associated prime of height > 2, which 
gives a contradiction. 

(3) : Since j*{T x / Y ) is locally free and X\ satisfies (S2), j*{T x / Y ) satis- 
fies (S2), and the conditions in (2) are satisfied, so codim^ B < 1. Since 
coding B Xl /Yi > 2 it follows that B = 0, hence ip is an isomorphism. □ 
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Proposition 2.5. Let ir : X — > Y be a flat locally of finite type morphism 
of ncetherian schemes and consider the base change diagram (BC). Assume 
that Xi/Yi and X/Y are generically smooth, X\ and Y satisfies (£2), and 
codim Xi B Xl/Yl > 2. 

(1) In a neighbourhood of j(X\), codim^- Bx/y > 2 and X satisfies (5*2). 

(2) 

B X 1 /Y 1 = B X/Y X X X X - 

In particular, the moduleTx^/Yx * s locally free if and only ifT x /Y * s locally 
free in a neighbourhood of j(Xx). 

Proof. (1): It is well-known that by flatness, X satisfies (S2) at points in 
j{Xi) C X. When Y\ Y is flat the assertion is obvious, so by Stein fac- 
torisation we can assume that Y\ — > Y is a closed immersion, hence j : X\ — >• X 
is a closed immersion. The assertion is also obvious when D v <~) i(Yi) = 0, 
so assume that there exists a point x in Bx/y that specialises to a point 
x G j(Xi). We can assume that x € M&x(B x /y) an d we can also find 
x\ € Max(i?Xi/Yi)i such that j(x\) specialises to xq and x specialises to j(x\), 
and j{x\) S Maxj(B Xl /Y 1 ) — Max(j(Xi) fl Bx/y)- In other words, x\ is a 
maximal point in the set of points in j(Xi) C X that are specialisations of the 
point x, therefore by the going-down theorem for flat morphisms 

ht Xl {xi) < ht x (x). 

If on the contrary ht x (x) < 1, then x\ ^ B Xi /y 1 so ^x 1 /y 1 ,x 1 is f ree of rank 
dx 1 /Y 1 .x 1 ■ Since X\/Y\ is generically smooth and locally of finite type, dx 1 /Y 1 ,x 1 
equals the Krull dimension of a generic fibre of X\jY\, and since X/Y is flat 
the Krull dimension of the generic fibres of X/Y that specialise to the same 
generic fibre of X\/Y\ also equals dx 1 /Y 1 .x 1 , and as X/Y is generically smooth, 
we conclude that d x / Y ,j( Xl ) = d Xl /Y llX - Now since ^x 1 /y 1 ,x 1 = 3*(^x/y)x 1 
(Prop. 2.1 (1)), it follows that the O x ,jt x ) -module ^x/Y,j(xi) i s generated by 



dx/Y,j ( Xl ) elements, implying that £l x /Y,j(xi) ^ s f ree ' an( i hence j(x\) Bx/y 



(Prop. 2.1 (2)). Since x specialises to j(x\) it follows that x £ Bx/y, resulting 



in a contradiction. Therefore htx(x) > 2. 



(2): By (1) and Proposition 2.2 the canonical morphism ip : J*(T x /y) ~ * 

□ 



T Xi /y 1 is an isomorphism so the assertion is implied by Proposition 2.1 



3 Differential criterion of smoothness 

The relation between the branch locus and the locus of non-smooth points of 
a morphism is of course much discussed in the literature, but there still seems 
to remain room for clarification. In [18| §2] one can find a nice summary of 
characterisations of smoothness in terms of the vanishing of Andre-Quillen ho- 
mology and the Jacobian condition B n = 0. We are however more interested in 
the "Jacobian characterisation" [5, Proposition 17.15.15]. A proof is included 
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since I find the argument in EGA difficult to disentangle and I could not find 
any other satisfactory treatment of this important result in the literature. The 
proof relies on the fundamental theorem that smoothness implies flatness, and 
conversely, if a morphism is flat at a point and smooth along the fibre at the 
point, then the morphism is smooth at that point |3l Theoreme 19.7.1]. 

Theorem 3.1. Let tt : X — > Y be a morphism of schemes which is locally 
finitely presented. Let x be a point in X and put y = tt(x). The following are 
equivalent: 

(1) 7r is smooth at the point x. 

(2) 7r is flat at x, x (I B W7 and is smooth at all points £ € Max(X) that 
specialises to x. 

(3) 7T is fiat at x, x B^, and yVVLx/y.x = dim x X a . 

(4) 7T is flat at x, x ^ B K , and X y /ky^ y is smooth at all points r\ £ Max(X y ) 
that specialises to x. 

Remark 3.2. The proof in [5] that the rank of Qx/y,x is as asserted in (3) 
seems to contain a gap. It relies on [5| Proposition 17.10.2], and presupposes 
that 7T be smooth not only at the point x, but also at all specialisations of x. 



Proof. [(1)|=H (2)| and (3) Put A = Oy y and B = O x ,x, so A -> B is formally 
smooth, and since moreover this homomorphism is finitely presesented, it is also 
flat [3j Th 17.5.1]. Let £ be a point that specialises to x, and put B' = O x< £ and 
A' = 0y i7r (£). It follows directly from the definition of formal smoothness that 
the composition A — > B — » B' and the base change A' — > B' are also formally 
smooth (see also [l3j Theorem 28.2]); hence n is smooth at £. Since A — > B 



is formally smooth it follows that fls/A is projective 13 Theorem 28.5], and 
since B is a local ring, SIb/a is free; hence x ^ B^. We now determine the rank 
r = rank Qb/a- Let k be an algebraic closure of ky, v , put B = k®^ Yy ky yV ®AB, 
and let ks be the residue field of B. Proposition 2.1 implies that i k is free of 



rank r, hence by the second fundamental exact sequence in 13 Theorem 25.2] 



noting that ks/k is formally smooth since k is algebraically closed, 

r = dim/,, — §- + tr. degks/k. 
m - 

,n B 

Formal smoothness is preserved under base change, hence the map k — > B is 
formally smooth; hence B is a regular local ring jl3j Lemma 1], so dim^ ^f- = 

dim B. Let now Xi be a point in X y such that dim x X y = htx (x±) — dim Ox , Xl ■ 
Put R = k ®k Yy Oxy.xx and let kn denote its residue field. Then B = Rp for 
some prime ideal P in R, and dim^, X y = dim R, since R is a flat base change 
of ky iV — > Oxy.xx- Since, moreover, 7r is finitely presented and k is algebraically 



closed, it follows that k = kp, and by Hubert's Nullstellensatz 13 Theorem 



5.6] dim_R/P = tr. dcgfce/fc. Since R is a catenary ring, we then get 
dim R = htx y (x) + dim RjP = dim B + tr. deg ks/k = r. 
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1(2)1 => | (1)[ Since vr is flat at x, it suffices by (3j Th 19.7.1] to prove that 
ky, y — > ky,y ®o Y , y @x v ,x is formally smooth to conclude that Oy, v — > Ox,x is 
formally smooth, and by [l3j Theorem 30.3] (see also [5j Proposition 15.15.5]) 
this follows if i/k Yy i s f ree °f rank dim^, X y . 



Since x B^, by Proposition 2.1 the Ox^.z-module Q x /k Y ,x is free and 
rkfix / kv x = rkf2_xyy>- Since 7r is smooth at points £ € Max(A) that spe- 
cialise to x, and fix/y,£ — ®o Xl ^x/y,xi it follows as in the proof of 
(1) =$> (3) that this rank equals dim^X^) (or see [5[ Prop. 17.15.5]). Since it 
is flat, dim^Xy = dimj (X^)), hence TkCl Xy /k Y , v ,x = dim x X y . 



(3) =4 (4) Since flx/Y,x is free of rank dim^ X y it follows that fl x u /k Y V1 x is 
rank dim.,. X y (Prop. 2.1). In the same way as in the proof of | (2) | => | (1)| 



free of 

it follows that ky y — >• Ox y ,x is formally smooth; hence any localisation ky, v 
Ox y ,7j is also formally smooth. 



(4) => (1) Since ky iV — > Cjc„,r; is formally smooth it follows that tlx /k Y ,rj 
is free of rank dim r) X y = dim^ X y . Now fix / y,x is free and by Proposition 



2.1 



its 



rank is dim x X y . It follows as in the proof of |(2)| => [ (l)| that the homomorphism 
~*Y.y ^ Ox,i is formally smooth. □ 



Often the condit ion | ( 2 ) | or [(3)] in Theorem 3.1 serve as a definition of smooth- 
ness (see e.g. [8j). Alternatively, n is smooth if it is flat and all its fibres are 
smooth [5j Theoreme 17.5.1]. In either case, the condition that it be flat can 
be a nuisance. Put Tx/y/s — Ker(7r* (fly/s) &x/s)- Assuming X/S is 
smooth, |(3)| in the following theorem shows that the non-smoothness locus of 
7r is exactly supp Tx/y/s U B^. Therefore, if T x /y/s = it follows that the 
Jacobian criterion B^ = implies smoothness, i.e. flatness is automatic. More- 
over, Tx/y/s — when either X/Y is generically smooth and a locally complete 
intersection, or X/S is a locally complete intersection (see [IT] Proposition 2.11] 
for a discussion of this assertion). 

Theorem 3.3. Assume that X/S is smooth at the point x. The following are 
equivalent: 

(1) 7r : X — > Y is smooth at x. 

(2) tt*(Q y / s ) x A &x/s,x has a left inverse. 

(3) x Bk and T x /y/s : x = 0. 

Proof. [(Ty|<H~(2)] See|5,Th. 17.11.1]. PH^f(2)] This can be seen directly from 
the fundamental exact sequence of differentials [8| Proposition 8.11]. |(l)| =» f"(3")j 



(1)| implies by Theorem 3.1 that x ^ B^, and since |(1)| implies |(2)| we also get 



Tx/Y/S,x = 0. □ 



4 Proof of main results 

Although our main result does not rely on the following preliminary result, it 
does provide insight into how the assumption 'locally complete intersection' is 
applied. 
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Lemma 4.1. (Lichtenbaum-Schlessinger 12 Prop. 5.2]) Let X/k be a l.c.i. 
scheme locally of finite type over afield. Assume that X/k is generically smooth 
(e.g. k is perfect and X is reduced) andTx/k is locally free. Then codim x Bx/k < 
2. 

Proof. We follow the proof in [loc. cit.]. The problem being local at a point 
x, we can assume that there exists a regular immersion i : X — > X r over 
k, where X r /k is smooth. Since I /I 2 is locally free and X/k is generically 
smooth we have the presentation — > I /I 2 — > i*(Qx r /k) ~> ^x/k — > 0, 
so p. d. tt x /k,x < 1- So Q X /,k is free if and only if Ext 1 0x x (Cl x / k , x ,O x ) = 
Ext 1 0x (n x/k ,O x ) x = 0, and therefore B x / k = supp Ext 1 0x (0, x/k , O x ). As- 
sume now that x G Max(B x / k ), so x is an associated point of Ext x 0x (Q x /k^x) 
and therefore depth Ext\, x (£lx/ki Ox)x = 0. Dualising the presentation gives 
the exact sequence -> T x / k -> i*(^x r /k)* {I/I 2 )* Ext\ )x {Q. X / k ,O x ) -> 
0, since fl Xr / k is locally free; hence 

p.d.Ext 1 0x (n x/kl O x ) x < 2. 

By the Auslander-Buchsbaum formula, depth Ox,x — depth Ext x 0x (f2x/fc> Ox)x+ 
p. d. Ext x 0x (Slx/k) @x)x < 2, and since X is Cohen-Macaulay, ht x (x) < 2. □ 

There is also a relative version for morphisms between smooth schemes, 
which is used in the proof of the main theorem. 

Proposition 4.2. Let X be a Cohen-Macaulay scheme and X/S and Y/S be 

smooth S -schemes. If B X , Y = then 



codinrj B K < 2. 



Lemma 4.3. Assume that X/S and Y/S are smooth morphisms and that X/Y 
is generically smooth. Then B^ = suppCx/y- 



Proof. This follows from 11 Prop. 1.3 ], but we give a more concrete indepen- 
dent proof. Let <fi '■ Gi — > G2 be a homorphism of free modules over a local 
commutative ring A of rank gi and 1721 respectively. Put M = Coker(</>) and 
D(M) = Coker(^*) (the transpose of M). We assert: 

M 7^ Coker(£>(M )) cannot be generated by g\ — gi elements. (**) 

Letting G\ be the image of the homomorphism (f> we get the exact sequence 

-> G\ -> G* -> D(M) -> 0. 

For an A-module TV we denote by Pi{N) = dim^ Tor z A (k, N) the ith Betti num- 
ber. The exact sequence results in a long exact sequence in homology, from 
which follows that 

9l - p (D(M)) - MG1) + Pi{D(M)) = 0, 
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so 

A)(£>(M)) = 51 - Aj(<3J) + Pi{D{M)) > 9l - Po(G{) > gi - 52, 

where the last inequality is strict if and only if G\ 7^ G2 ■ 

To prove the Lemma, put G\ = T x /s,x, C2 — tt*(T y /s)x an d M — Cx/y,x- 
Since X/S and Y/S are smooth it follows that <?i = d X /s,x> 92 = <^y/s,7r(x)> 
and that Slx/s,x an d &y/s,-k{x) are free, hence D(M) = Q x /y,x- Since X/Y is 
generically smooth, x G if and only if ttx/Y,x can be generated by dx/Y,x 
elements, and dx/Y.x — dx/s,x — dy/sMx)- By (**), &x/y,x can be generated 
by 9i -52 = d x /s,x-d Y /s^(x) = djf/Yix elements if and only of C A71> = 0. □ 

Proof of Proposition \4-S\ Dualising the fundamental exact sequence of 
Kahler differentials [8| Proposition 8.11] results in the exact sequence 

-> Ijc/y -> Tx/s ~> Tx/s^y/s -> Cx/y -> 0, 

where T x /s^y/s ~ Homo x (7r*(f2y/g), Ox), dehning the normal module Cx/y- 
This is a locally free resolution of Cx/y, so p. d. Cx/y,x < 2 at each point x in 
X. The local ring Ox,n is Cohen-Macaulay, therefore ht(x) = p. d.Cx/Y,x when 
x G Max(suppCx/y)- Finally, since X/S and Y/S are smooth, = suppCx/y 



(Prop. 4.2), which completes the proof. □ 



Proposition 4.4. (Lipman [l2[ Th. l]j Let X/k be a scheme locally of finite 
type over a field of characteristic such that B x /k = ^- * s normal and 

in particular codim x Bx/k > 2. 

We include a sketch of the proof, following [loc cit], to clarify the situation 
in our notation. 

Proof. One first proves that the module Cx '■= Coker(Q X /k ~^ ^x/fc)> w bere <? is 
the biduality morphism, satisfies depth C'x, x > 2 when x G supp Cx • Consider 

the exact sequence — > Qx/k —> ^x/fc — * ^ ~^ ^, where Qx/k = I m (^x/fc — > 

— * 

-^x/fc)- Noting that Tx/k = ^x/fe = ^x/fe, dualisation results in the exact 
sequence 

-> C x -> T^ /fe -> T x/jt -> £a^ x (Cx, Ox) -> 
since T£y fe is locally free. As T x /k is reflexive we get 

Ext° 0x (C x ,O x ) = C x = Q and Ext x 0x {C x , O x ) = 0, 

implying the assertion. 

We always have suppCx C B x /k- If a; ^ suppCx, so the map Clx/k,x ~~ * 
T x , kx is surjective, by a result of Nagata |i~5] there exist 9j G T x /k, x an d 
Xj G tnx,a; such that di(xj) forms an invertible d x <i matrix, where d — ht(x). 
Since Char k = it follows from the Zariski-Lipman-Nagata criterion that Ox, a; 
is a regular ring, hence again since Char k = 0, x ^ Bx/k- Therefore supp Cx = 
Bx/k- By the first assertion in the Proposition, it follows that depth Ox, x > 2 
when a; G B x /k- Since regularity implies normality, so the locus of points where 
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X fails to be normal is contained in B x / k , it follows that X is normal (cither 
look at Lipman's nice argument in [loc cit, Prop 2.1] or think of Serre's normality 
criterion). □ 



Proof of the assertion in Remark 1.2 Since X/Y is dominant and X is 



regular at all points in the generic fibres, and the problem is local at such fibres, 
it follows that we can assume that X and Y are integral. We will prove that if 
77 £ Max(Y), then 77 ^ D x / Y . Since X/Y is dominant, there exists £ £ Max(X) 
such that tt(x) = 7r(£) = 77, and we can moreover let £ be any maximal point 
that specialises to cc, since it will satisfy 7r(£) = r\ because 77 is maximal. We 
then have (as detailed below) 

dim fcx x k x , x ®o x ,x &x/Y,x = dim kx ^ m x . x /m 2 Xx + dim kx x £lkx,*/k Y , n 

= ht x (x) + tr. deg k XiX /k Yn 
= ht Y (i]) + tr. deg k x ^/k Y , v 

= tr. degk x ^/k Y . v = dim kx ( il x/Yi = rankfi x/Y ^. 
The first line follows since k XtX /k YiTI is separable, hence 0-smooth, after applying 



the second fundamental exact sequence in 13 Theorem 25.2]. The second 
line follows since O x ^ x is regular and since k x ^ x /k Y ^ is separable and finitely 
generated, so that a differential basis is the same as a transcendence basis (see 
[l3| §26]). The third line follows since X and Y are integral, X/Y is locally of 
finite type integral, and Y is Ncetherian, so Ratliff's dimension equality holds 
[13J Theorem 15.6]. 

The see the second to last equality it suffices as above to prove that k x ^/k Y}TI 
is finitely generated and separable, where the finite generation follows since tt is 
finitely presented at x. First we note that O x ^ = k Xj £ since it is a localisation 
of the regular ring O x , x and £ £ Max(X). Secondly, k XyX /k Yv is separable and 



^x.x is regular, hence XiX /k Y ^ v is mx^-smooth 13 Lemma 1]. Therefore the 



localisation O x ^/k Y ^ is mx,£-smooth, hence k X £ is formally smooth over k YtTI , 



implying that k x ^/k YtV is separable 13 Theorem 26.9 



The last equality follows since O x ^ is regular, so O x ^ = k x .^. Since the 
first and the last entries are equal it follows that Q x / Yx is free (see (*)), so 
r) = tt(x) g D x/Y . □ 

Proof of Theorem First assume that x £ Max(B X / Y ) is such that 

y = tt(x) £ Max(D X / Y ). Thus, as codimyDx/y > 1, hty(y) > 1, and by 
Proposition |4.2| ht x (x) < 2. We identify the fibre X y with a subscheme of X. 
Select xi £ Max(X y ) that specialises to x. We have 

ht Xy (x) = ht x (x) - ht x (xi) = ht x (x) - ht Y {y) < 2 - 1 = 1, 

where the first equality follows since X is catenary, and the second from flatness. 
This implies that coding B Xy / kYy < 1. Let now y\ be an arbitrary point in 
D X / Y . If x\ £ Max(Bx yi /k Y ) there exists a point x £ Max(B x / Y ) that 
specialises to xi, so y = n(x) £ Max(D x / Y ). By the going-down theorem for 
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fiat morphisms it follows that 



ht Xyi {xi) < H Xy (x), 



and therefore codiiriy B 



< 1. □ 



Proof of Corollary 1.3 
.Jr}Ck[X v 



X V1 fkY, yi 

Put A = k[y u . . . ,y r ] and B = k[X 1: ...,X n ]. If 
is a regular sequence defining V, then V is a fibre 
Spec A, yi i — ^ /, (see 13, Exercise 22.2]). 



SpecB 



{A /r}CJb[^i 

of the flat morphism 7r 

If x e Max(B^/fc) and ht(x) > 2 it follows from Proposition 2.5 
is free, hence by Theorem ll.ll codim^ B v / k 



X/Y,x 

< 1. If moreover Char A; = 0, 



that T 



Proposition 4.4 implies that B v i k = 0. □ 



Remarks 4.5. (1) The assumption in Corollary 1.3 that V/k is defined by a 
regular sequence is used to infer that the morphism A — > B in the proof 
is flat (the local flatness criterion). Conversely, if A — >• B is flat then the 
fibre V is a complete intersection [9] (see 11 for a more general assertion). 

Zariski and Lipman [12] stated their conjecture only for varieties over 
fields of characteristic 0. We can "explain" the positive characteristic 
counterexample in [loc. cit, §7,b)]. The surface V = V(XY - Z p ) C Af 
over a perfect field k of characteristic p > is normal and Ty/ k is locally 
free. By normality and since k is perfect V is smooth at all points of height 
< 1, in accordance with Corollary 1.3 Since V/k is not smooth at the 



(2) 



origin, Theorem 1 1 . 1 1 implies that if V is the fibre of a flat family of surfaces 
X Y, where X/k and Y/k are smooth, then X/Y cannot be generically 
smooth in Y . For example, the hypersurface X = V(t — XY — Z p ) C A k is 
smooth over k, the morphism ir : X — s- Y = A\ induced by the projection 
to the i-coordinate is flat, and T x /y is locally free. However, tt is not 
generically smooth since the field extension kx,x/kY^(x) is n °t separable 
when x is the maximal point in X. 



Hypersurfaces 

Note that the proof of Corollary |1.3| is not obtained by reducing to hypersur- 
faces, and unlike Scheja and Storch's proof for hypersurfaces X/k over fields k of 
characteristic 0, we need not apply the Eagon-Northcott bound on heights of de- 



terminantal ideals. Since the proofs are that different, the proof of Corollary 1.3 
can be compared t o a more geometric version of their proof for hypersurfaces. 
By Proposition 4.4 it suffices to prove codimj^ B x /k < 1- Let j '■ X/k — > Z/k 



be a regular immersion into a smooth variety Z/k, so locally j(X) is defined by 
an ideal I such that I /I 2 is locally free over O x and we have the short exact 
sequence — » I/I 2 —> j*(flz/k) —> Q X /k ^ 0, and in particular p. d. Sl x /k, x < 1 
for each point x m X. Dualising we get the exact sequences 

-► T x/k -> f(T z/k ) -> C x/Z -> 0, (E) 
-> C x/Z -> (I /I 2 )* -> Ext 1 0x (Q x/k ,O x ) -> 0. (F) 
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We assert that that the normal module C x /z satisfies depth C x /z,x > 2 
when J is a locally principal ideal, ht x (x) > 2, and x £ Max(i?x/fe)- A locally 
defined surjection O d z x — > j*{T x /k) together with the surjective map T z / k — > 
j*j*(Tz/k) gives a lift 

0^O d z x ^ T z/k -> C x/Z (E') 

of the sequence (E), which is exact to the left since T x /k is locally free, and 
the cokernel C x /z C O z is an ideal. Since the ideal 7j( a ) = (/) C Oz,j( x ) is 
locally principal, C x /z,j(x) — T^zikMx) ■ / C Oz,j( x )- We note also that the 
element / belongs to the integral closure of the ideal Tz/k,j{x) ■ /; this is clear 
when ht^(j(^)) < 1 and the general case follows from describing the integral 
closure of an ideal J z C Oz,z as the intersection HJ z Oz,z', running over points 
z' such that htz(z') < 1 and z' specialises to z. Since p. d.Cz/x,j(x) < 1, by the 
Hilbert-Burch theorem CxizMx) — a Fx{Cx/z,j(x)) f° r some a £ Oz,j(x)] since 
x € Max(.Bx/fc) and ht x {x) > 2, the height of the ideal C X /z,j(x) C Ozm x ) is 
> 2; hence by Krull's principal ideal theorem a is a unit; therefore Tz/k,j(x) '/ = 
4/xj(i) = Fi(&x/z,j(x))- (Note: The weaker assertion Vz(7z/fcj( K ) • /) = 
^(-Fi (Cx/z j (a;))) is actually sufficient for the proof, and is easy to see: the germ 
V(C x /zj(x)) is of codimension > 2 and therefore C x /z,z is not principal if and 
only if 2 € V(C x /z,j(x))i by Krull's principal ideal theorem.) Considering germs 
of varieties at x we now get 

Vx{F 1 {C x/z )) = V Z {F X (C X , Z ) +I) = V z (T z/k ■ f + I) 
= V z (T z/k ■ f) = V Z (F 1 (C X/Z )), 

so in particular Max(V x (Fi(C x/z ))) = NLax.(Vz(Fi(C x / z ))), identifying X with 
j{X). By the Eagon-Northcott bound on heights of determinant ideals jlj ap- 
plied to the exact sequence (E'), we get htz(z) < 2 when z £ M&x(Vz(Fi(Cz/x))) 
and z specialises to j(x). Therefore, if j(x) £ Max(V x (F 1 (C x /z))), we get 
ht x (x) — ht z(j(x)) — 1 < 1. Since ht x (x) > 2 it follows that C x / Z , x is free, and 
since X is Cohen-Macaulay, depthC x /z. x > 2. 

Assume now on the contrary that there exists a point x £ Max(Bx/k) such 
that ht(x) > 2. By the above result 

Ext O x ,x( Ext Ox,J n X/k,x,0 X:X ),C X/Z ,x) = 0, 

hence the sequence (F) splits, so there exists an injection ExtQ x ^ (Q x /k. X j ®x,x) 
— > (I x /I x )*. Since X is Cohen-Macauly, the free module (I x /I x )* has no em- 
bedded associated prime. Therefore 

Ext 1 0xx (n x/k>x ,o x>x ) = o. 

Since p. d. tlx/k,x < lj this implies that Q x /k, x is free, contradicting the as- 
sumption that x £ B X /k. Therefore codimj^ Bx/k < 1. 
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